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Topics	  

•  Fourier,	  Laplace,	  wavelet	  and	  z-‐transform	  representaGons.	  

•  Signals,	  images	  and	  sampling	  theory	  

•  Laplace	  transforms	  

•  s-‐plane	  representaGon,	  poles	  and	  zeros	  	  

•  Power	  spectra,	  autocorrelaGon	  funcGons	  and	  cross	  correlaGon	  
funcGons	  



INTEGRAL	  TRANSFORMS	  
A	  brief	  excursion	  into	  



Integral	  transforms	  

•  Basic	  idea	  is	  to	  map	  the	  funcGon	  into	  another	  domain.	  E.g.	  
Gme	  and	  real-‐space	  domains	  into	  frequency	  and	  reciprocal	  
space	  domains.	  

•  Basis	  of	  Fourier,	  Laplace	  and	  Wavelet	  transformaGons	  
•  Note:	  ζ is	  in	  general	  complex	  

•  In	  which	  case	  theory	  of	  complex	  integrals	  in	  needed. 	  € 

ς ζ( ) = Ξ
a

b

∫ ζ( )f t( )dt

Kernal	  



Useful	  integral	  transforms	  

•  Fourier	  transform	  
–  Maps	  real	  space	  to	  frequency	  domain	  

•  Laplace	  transform	  
–  Maps	  to	  complex	  frequency	  s	  domain	  

•  Wavelet	  transform	  
–  Maps	  to	  feature	  scale	  and	  size	  domain	  

•  z-‐transform	  
–  Maps	  to	  complex	  z-‐space,	  useful	  for	  sampled	  signals	  in	  digiGsaGon	  

•  AutocorrelaGon	  funcGon	  and	  power	  spectrum	  
–  Maps	  periodic	  features	  of	  a	  signal	  



THE	  FOURIER	  TRANSFORM	  

€ 

G ω( ) = f t( )
−∞

∞

∫ ⋅ e− jωtdt

€ 

f t( ) =
1
2π

G ω( )
−∞

∞

∫ ⋅ e jωtdω



The	  Fourier	  transform	  

•  For	  an	  aperiodic	  funcGon:	  

•  The	  relaGon	  between	  the	  
frequency	  spectrum	  G(ω)	  and	  the	  
funcGon	  f(t)	  is	  given	  by	  the	  
Fourier	  transform:	  

•  Inverse	  transform	  
ω	  

f(t)	  (real)	  

t	  

G(ω)	  (real)	  

ω	  

G(ω)	  (imag)	  

0	  

0	  

€ 

G ω( ) = f t( )
−∞

∞

∫ ⋅ e− jωtdt

€ 

f t( ) =
1
2π

G ω( )
−∞

∞

∫ ⋅ e jωtdω



ProperGes	  of	  the	  Fourier	  transform	  

•  G(ω)	  has,	  in	  general	  both	  real	  and	  
imaginary	  components	  

•  Real	  parts	  are	  associated	  with	  
even	  –	  cosine	  terms.	  

•  Imaginary	  components	  are	  
associated	  with	  odd	  –	  sine	  terms	  

€ 

e jθ = cosθ + j sinθ

Fourier	  transform	  of	  an	  
exponenGally	  decaying	  sine	  
wave	  

€ 

f t( ) =
e−αt sinω 0t;   t ≥ 0

0;   t < 0

⎧ 
⎨ 
⎩ 

G ω( ) = f t( )
−∞

∞

∫ ⋅ e− jωtdt = e−αt sinω 0t
0

∞

∫ ⋅ e0
− jωtdt

=
1
2

e−αt e jω 0t − e jω 0t( )
0

∞

∫ ⋅ e− jωtdt

⇒ G ω( ) =
ω 0

α 2 +ω 0
2 −ω 2 + j2αω

Waveform	  is	  made	  up	  of	  sine	  and	  cosine	  
components.	  Strong	  odd	  order	  suggests	  the	  
cosine	  terms	  are	  weak	  



More	  properGes	  of	  the	  Fourier	  transform	  

•  Duality	  between	  representaGon	  
of	  a	  signal	  in	  the	  real	  (space,	  
Gme)	  and	  frequency	  domains	  

•  The	  Fourier	  transform	  is	  finite	  
provided	  the	  rhs	  is	  finite.	  This	  
requires:	  

•  Some	  waveforms	  do	  not	  have	  
Fourier	  transforms;	  viz.	  The	  step	  
funcGon	  

•  The	  transform	  is	  inverGble	  

€ 

f t( ) =
0; t < 0
1; t > 0
⎧ 
⎨ 
⎩ 

€ 

G ω( ) = f t( )
−∞

∞

∫ ⋅ e− jωtdt

€ 

f t( )
−∞

∞

∫ ⋅ dt < ∞

€ 

f t( ) =
1
2π

f t( )
−∞

∞

∫ ⋅ e− jωtdt
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

−∞

∞

∫ ⋅ e jωtdω€ 

G ω( ) = f t( )
−∞

∞

∫ ⋅ e− jωtdt



SAMPLING	  THEORY	  



Sampling	  theory	  

•  Sampled	  data	  signals	  represent	  a	  
conGnuous	  funcGon	  f(t)	  at	  certain	  
instants	  of	  Gme.	  

•  Amplitude	  of	  f(t)	  represented	  as	  
numerical	  values.	  

•  Usually	  equally	  spaced	  intervals	  

•  For	  a	  Dirac	  delta	  funcGon	  shi[ed	  
to	  	  t	  =	  a	  

Sampled	  data	  signal	  

€ 

f a( ) = δ t − a( )
−∞

∞

∫ f t( )dt

•  At	  t	  =	  0	  

•  Dirac	  delta	  funcGon	  is	  a	  constant	  
in	  the	  frequency	  domain.	  

€ 

G jω( ) = δ t( )
−∞

∞

∫ e-jωtdt = e-jω (o) =1



Fourier	  transform	  of	  a	  shi[ed	  δ-‐funcGon	  

•  For	  a	  Gme	  delay	  =	  T	  

€ 

G jω( ) = δ t −T( )
−∞

∞

∫ e-jωtdt = e-jωT

  

€ 

f t( ) = x0δ t( ) + x1δ t −T( ) + x2δ t − 2T( ) + = xn
n
∑ δ t − nT( )

  

€ 

G s( ) = f t( )
0

∞

∫ ⋅ e−stdt = xn
n
∑

0

∞

∫ δ t − nT( )⋅ e−stdt = xn
n
∑ ⋅ e−sT

s = jω ⇒ G jω( ) = x0 + x1e
jωT + x2e

j2ωT + x2e
j 3ωT +

•  This	  corresponds	  to	  a	  phase	  shi[,	  
which	  on	  a	  frequency	  of	  ω	  rad	  s-‐1	  
corresponds	  to	  Gme	  delay	  T.	  	  

•  We	  can	  represent	  a	  sampled	  data	  signal	  f(t)	  

•  Taking	  the	  Laplace	  transform	  and	  subsGtuGng	  s	  =	  jω	  	  

•  We	  get	  the	  DISCRETE	  FOURIER	  TRANSFORM	  G(jω) of	  f(t)	  	  	  



Sampled	  data	  dimensions	  

•  Sampling	  can	  be	  in	  

•  1D	  
–  Sample	  

•  2D	  
–  Pixel	  

•  3D	  
–  Voxel	  



THE	  LAPLACE	  TRANSFORM	  

€ 

G s( ) = f t( )
0

∞

∫ ⋅ e−stdt



The	  Laplace	  transform	  

•  Introduce	  a	  concept	  of	  
complex	  frequency	  s.	  

•  Then	  the	  	  basis	  funcGon	  
is	  a	  product	  of	  a	  
exponenGal	  and	  a	  
sinusoid.	  	  

•  Useful	  for	  signals	  that	  
start	  at	  t	  =	  0	  

€ 

s =σ + jω

€ 

G s( ) = f t( )
0

∞

∫ ⋅ estdt

€ 

G s( ) = f t( )
0

∞

∫ ⋅ eσt ⋅ e jωtdt



The	  Laplace	  Transform	  

€ 

G s( ) = f t( )
0

∞

∫ ⋅ e−stdt

G s( ) = f t( )
0

∞

∫ ⋅ e−σt ⋅ e− jωtdt

•  In	  the	  Laplace	  transform	  is	  based	  
on	  a	  complex	  exponenGal	  

•  Secng	  s	  =	  jω gives	  the	  Fourier	  
transform.	  

•  Not	  defined	  for	  t	  <	  0	  

•  Requires	  integrand	  is	  finite	  which	  
restricts	  range	  of	  σ.	  	  

•  Invertable,	  but	  requires	  skill	  in	  
complex	  integrals…..	  

€ 

s =σ + jω

€ 

f t( ) =
1
2πj

G s( )
σ − j∞

σ + j∞

∫ ⋅ estds

  

€ 

L f t( )[ ] = f t( )
0

∞

∫ ⋅ e−stdt

L-1 L f t( )[ ]{ } = f t( )



PARTIAL	  FRACTIONS	  



ParGal	  fracGons	  

•  The	  inverse	  Laplace	  transform	  
requires	  knowledge	  of	  complex	  
(line,	  contour)	  integraGon	  

•  A	  convenient	  approach	  is	  o[en	  (but	  
not	  always…)	  to	  write	  the	  funcGon	  
G(s)	  as	  parGal	  fracGons	  

€ 

f t( ) =
1
2πj

G s( )
σ − j∞

σ + j∞

∫ ⋅ estds

€ 

G s( ) =
s2 + 7s+12
s2 + s − 5

=
s+ 4( )
s − 2( )

+
1
s+ 3( )

G s( ) =
0; s = −5 + j0( ); zero(s)

∞; s = 2 + j0( ), −3+ j0( ); pole(s)

⎧ 
⎨ 
⎩ 



s-‐plane	  Argand	  diagram	  

€ 

+σ€ 

+ jω

€ 

− jω

0	  

€ 

−σ

s-‐plane	  

€ 

G s( ) =
s+ 4( )
s − 2( )

+
1
s+ 3( )

G s( ) =
0; s = −5 + j0( ); zero(s)

∞; s = 2 + j0( ), −3+ j0( ); pole(s)

⎧ 
⎨ 
⎩ 

At	  poles	  G(s)	  becomes	  infinity	  

At	  zeros	  	  G(s)	  )	  becomes	  	  zero	  



ParGal	  fracGons	  and	  inverse	  Laplace	  transforms	  

•  We	  can	  find	  the	  inverse	  Laplace	  transform	  by:	  

	  (i)	  breaking	  up	  G(s)	  in	  to	  a	  sum	  of	  parGal	  fracGons	  

(ii)	  Using	  the	  table	  of	  Laplace	  transforms	  to	  find	  the	  inverse	  as	  a	  sum	  of	  
simpler	  funcGons	  –	  here	  it	  is	  exponenGal	  funcGons	  

  

€ 

G s( ) =
s+α( )

s+ β( ) s+ γ( )
⇒

A
s+ β( )

+
B
s+ γ( )

⇒ s+α( ) = A s+ γ( ) + B s+ β( )⇒ A + B =1; Aγ + Bβ = α

A =
γ −α( )
γ − β( )

; B =
α − β( )
γ − β( )

For :  G s( ) = ept ⋅ e−st
0

∞

∫ dt =
1

s − p

L-1 G s( )[ ] = Ae−βt + Be−γt =
γ −α( )
γ − β( )

e−βt +
α − β( )
γ − β( )

e−γt



Laplace	  transform	  of	  a	  exponenGal	  decay	  

€ 

€ 

f t( ) = e−αt ⇒ G s( ) = e−αt
0

∞

∫ e−stdt

G s( ) = e− a+s( )tdt
0

∞

∫ =
1

a + s( )
e− a+s( ) t[ ]

0

∞
=

1
a + s( )

Note	  that:	  

€ 

1
a + s( )

a=−s⎯ → ⎯ ⎯ ∞

€ 

+σ€ 

+ jω

€ 

− jω

0	  

€ 

−σ

s-‐plane	  



S	  –	  PLANE	  REPRESENTATION	  
Poles	  and	  Zeros	  



Graphical	  interpretaGon	  of	  s-‐plane	  reponse	  

•  From	  the	  posiGon	  of	  poles	  and	  zeros	  we	  can	  esGmate	  the	  frequency	  response	  
by	  considering	  the	  distance	  from	  s	  =	  jω  

•  Poles	  give	  maxima,	  zeros	  give	  minima	  

€ 

+σ€ 

+ jω

€ 

− jω

0	  

€ 

−σ

s-‐plane	  

€ 

G s( ) =
1

a + s( )

€ 

ω

0	  



Poles,	  zeros	  and	  frequency	  response	  

€ 

+σ€ 

+ jω

€ 

− jω

0	  

€ 

−σ

s-‐plane	  

€ 

ω

0	  

€ 

+σ€ 

+ jω

€ 

− jω

0	  

€ 

−σ

s-‐plane	  

€ 

ω

0	  



Step	  funcGon	  

f(t)	  

t	  

1	  

0	  

Heaviside	  step	  funcGon	  

Famous	  quote:	  Why	  should	  I	  refuse	  a	  
good	  dinner	  simply	  because	  I	  don't	  
understand	  the	  diges?ve	  processes	  
involved?	  Oliver	  Heaviside	  1853-‐1925	  



Real	  differenGaGon	  theorem	  

•  Take	  Laplace	  transform	  of	  ?me	  
differenGal	  of	  f(t)	  

  

€ 

d
dt

f t( ){ }⋅ e−st
0

∞

∫ ⋅ d t =
f t( )⋅ e−st

−s
0

∞

−
d
dt
f t( )

⎡ 

⎣ ⎢ 
⎤ 

⎦ ⎥ 
⋅
e−st

−s0

∞

∫ ⋅ d t

F s( ) =
f 0( )
s

+
1
s
d
dt
f t( )

⎡ 

⎣ ⎢ 
⎤ 

⎦ ⎥ 

⇒ L d
d t

f t( )
⎡ 

⎣ ⎢ 
⎤ 

⎦ ⎥ 
= sF s( ) − f 0( )

IniGal	  value	  of	  f(t)	  at	  t	  =	  0	   Similarly	  for	  the	  2nd	  derivaGve	  



Final	  value	  theorem	  

•  Relates	  the	  final	  steady	  state	  
behaviour	  to	  behaviour	  of	  sF(s)	  
around	  s	  =	  0	  	  

•  Poles	  on	  	  LHS.	  	  



Complex	  differenGaGon	  theorem	  



Z-‐TRANSFORM	  



The	  z-‐transform	  

•  The	  Laplace	  transform	  of	  a	  data	  
signal	  sampled	  	  at	  intervals,	  T	  is:	  

•  A	  z-‐transform	  of	  a	  sampled	  data	  
series	  can	  be	  expressed	  as	  a	  
power	  law	  in	  z.	  

•  Constant	  Gme	  delay	  of	  T	  is	  	  e-‐jωT	  
implying	  z	  is	  a	  Gme	  shi[	  operator.	  

  

€ 

G s( ) = x0 + x1e
−sT + x2e

−s2T + x3e
−s3T +…

G s( ) = xne
−snT

n=0,∞
∑

€ 

s =σ + jω
z = esT = eσTe jωT = eσT cosωT + sinωT( )

G z( ) = xnz
−n

n=0,∞
∑

  

€ 

G z( ) =
z

z −α( )
=

1

1− a
z

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

G z( ) =1+αz−1 +α 2z−2 + t	  

1	   a2	  
a3	   a4	   a5	  

a	  

0	  € 

α <1

The	  coefficients	  xn	  in	  the	  z-‐transform	  is	  the	  value	  of	  the	  nth	  sample	  



Mapping	  s-‐	  and	  z-‐planes	  

€ 

s = jω
z = esT = e jωT = cosωT + j sinωT

€ 

ω = 0

€ 

ω =
2π
TUnit	  circle	  

0	  

Z-‐plane	  

€ 

s =σ

z = esT = eσT
< 0;σ <1
> 0;σ >1
⎧ 
⎨ 
⎩ 

€ 

r = e−σT

€ 

s =σ + jω
z = esT = eσ + jωT = eσT cosωT + j sinωT( )



Frequency	  response	  in	  the	  z-‐plane	  

€ 

ω = 0

€ 

ω =
2π
TUnit	  circle	  

0	  

Z-‐plane	  

€ 

G z( ) =
1

z − r( )
jω = s⇒ z = e jωT

G jω( ) =
1

e jωT − r( ) € 

ω

r	  

€ 

ω
€ 

ω =
2π
T

€ 

G jω( )

0	  



WAVELET	  TRANSFORMATIONS	  



Wavelet	  properGes	  

€ 

ψ x( )
−∞

∞

∫ d x = 0

€ 

−∞

∞

∫ ψ x( )
2
d x < ∞

€ 

ψ ω( )
2

ω 2
−∞

∞

∫ dω = 0

No	  DC	  component	  

Finite	  energy	  	  spaGal	  localisaGon	  

Limited	  frequencies	  	  frequency	  localisaGon	  



Wavelet	  =	  a	  small	  wave	  

db4	  wavelet	  



Wavelet	  dilaGon	  and	  translaGon	  

•  Family	  of	  wavelets	  generated	  by	  a	  dilaGon	  and	  a	  shi[	  of	  the	  
mother	  wavelet	  

Where,	  a	  is	  the	  scale	  parameter	  and	  b	  is	  the	  shi[	  parameter	  

€ 

ψa,b x( ) =
1
a
ψ

x − b
a

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 



Wavelet	  transform	  

•  In	  contrast	  to	  sinusoids,	  wavelets	  do	  not	  extend	  to	  infinity.	  
•  Waveforms	  is	  can	  be	  represented	  by	  a	  superposiGon	  of	  

wavelets	  of	  different	  scale	  and	  posiGon	  
€ 

C a,b( ) = − f t( )
−∞

∞

∫ ψa,b d t

M.	  MisiG,	  Y.	  MisiG,	  G.	  
Oppenheim,	  J.-‐M.	  Poggi	  
Wavelet	  Toolbox:	  For	  use	  
with	  MATLAB,	  (The	  
MathWorks	  Inc..,	  1997)	  



Analysis	  of	  scale	  

Finer	  scale	  

PosiGon	  

M.	  MisiG,	  Y.	  MisiG,	  G.	  
Oppenheim,	  J.-‐M.	  Poggi	  
Wavelet	  Toolbox:	  For	  
use	  with	  MATLAB,	  (The	  
MathWorks	  Inc..,	  1997)	  



De-‐noising	  signals	  

M.	  MisiG,	  Y.	  MisiG,	  G.	  
Oppenheim,	  J.-‐M.	  Poggi	  
Wavelet	  Toolbox:	  For	  
use	  with	  MATLAB,	  (The	  
MathWorks	  Inc..,	  1997)	  



RANDOM	  SIGNALS	  



Random	  signals	  and	  moments	  
•  Random	  signals	  are	  non-‐determinisGc	  and	  not	  specified	  at	  every	  instant	  of	  

Gme	  
•  Pulse	  from	  radiaGon	  detector	  

•  Earthquake	  seismogram	  

•  EKG	  and	  ECG	  signals	  

– Metrics	  are	  distribuGon	  moments	  

€ 

€ 

p y( )
1

= p y( )dy
−∞

∞

∫

Δp y( )
2

= p y( ) − p y( )
1( )
2

dy
−∞

∞

∫

€ 

y 3
= y 3 ⋅ p y( )dy

−∞

∞

∫ ;
Δy 3

Δy 2 3
2

=
y − y 1( )

3
⋅ p y( )dy

−∞

∞

∫

y − y 1( )
2
⋅ p y( )dy

−∞

∞
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Power	  spectral	  density	  funcGon	  

•  The	  Fourier	  transform	  has	  real	  and	  
complex	  terms	  A	  and	  B.	  

•  How	  much	  power	  P	  is	  in	  the	  
different	  frequency	  components?	  

•  Recalling	  power	  is	  proporGonal	  to	  
the	  product	  of	  a	  funcGon	  and	  its	  
complex	  conjugate	  

•  The	  power	  spectrum	  P(ω)
represents	  the	  power	  in	  the	  
different	  spectral	  components	  

•  P(ω)	  is	  always	  a	  purely	  real	  funcGon	  

€ 

G ω( ) = f t( )
−∞

∞

∫ ⋅ e− jωtdt

G ω( ) = a ω( ) + jb ω( )[ ]

€ 

G ω( ) = a2 ω( ) + b2 ω( )

P ω( ) = G ω( ) 2 =G* ω( )G ω( ) = a2 ω( ) + b2 ω( )



AutocorrelaGon	  funcGon	  

•  The	  autocorelaGon	  funcGon	  rxxt(τ)	  is	  
an	  integral	  transform	  where	  the	  basis	  
funcGon	  is	  a	  Gme	  shi[ed	  version	  of	  
the	  signal	  itself.	  

•  Useful	  for	  idenGfying	  periodic	  
features	  of	  a	  signal.	  

•  The	  autocorrealaGon	  funcGon	  is	  
related	  to	  the	  power	  spectrum	  via	  
the	  Wiener-‐Khinchin	  relaGons.	  

€ 

rxx τ( ) = f t( )
−∞

∞

∫ ⋅ f t +τ( )dt

€ 

r11 υ,λ( ) = f x,y( )
−∞

∞

∫ ⋅ f x +ν,y + λ( )dνdλ

1D	  

2D	  

€ 

Pxx ω( ) = rxx τ( )
−∞

∞

∫ ⋅ e− jωτdτ

rxx τ( ) =
1
2π

Pxx ω( )
−∞

∞

∫ ⋅ e jωτdω



The	  autocorrelaGon	  funcGon	  

•  In	  1D:	  

•  The	  maximum	  at	  τ	  =	  0	  	  
corresponds	  to	  when	  the	  
signal	  and	  shi[ed	  signal	  are	  
in	  exact	  coincidence.	  

•  The	  width	  of	  this	  peak	  is	  a	  
measure	  of	  the	  sharpness	  of	  
the	  funcGon	  

•  Peaks	  in	  rxx(τ)	  with	  non-‐zero	  
τ	  are	  associated	  with	  
periodicity	  in	  the	  waveform	   τ	


rxx(τ)	  

τ =	  0	  

Signal	  

x	  

f(x)	   f(x+τ)	  

τ	




The	  autocorrelaGon	  funcGon	  



THE	  END	  



t	  =	  0	   t	  

f(t)	  


