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Topics	  

•  Control	  and	  sampling	  system	  implementaCon	  

–  Transfer	  funcCon	  
–  Block	  diagrams,	  	  

–  Single	  input	  -‐	  single	  output	  systems	  
•  Laplace	  transform	  approach,	  	  

–  MulC-‐input	  mulC-‐output	  systems,	  	  
•  space-‐state	  equaCon	  approach.	  	  

–  MATLAB	  simulaCons	  of	  transient	  response	  	  



SoluCon	  of	  differenCal	  equaCons	  using	  Laplace	  transforms	  

€ 

˙ ̇ x + 3˙ x + 2x = 0; x 0( ) = a; ˙ x 0( ) = b

  

€ 

L x t( )[ ] = X s( )

  

€ 

L ˙ x [ ] = sX s( ) − x 0( ); L ˙ ̇ x [ ] = s2X s( ) − sx 0( ) − ˙ x 0( )

  

€ 

L s2X s( ) − sx 0( ) − ˙ x 0( )[ ] + 3 sX s( ) − x 0( )[ ] + 2X s( ) = 0

⇒ s2X s( ) − sa − b[ ] + +3 sX s( ) − a[ ] + 2X s( ) = 0

∴ s2 + 3s + 2( )X s( ) = as + b + 3a

€ 

∴X s( ) =
as+ b + 3a
s2 + 3s+ 2( )

=
as+ b + 3a
s+ 2( ) s+1( )

= −
a + b( )
s+ 2( )

+
2a + b( )
s+1( )

    

€ 

∴ x t( ) = − a + b( )e−2t + 2a + b( )e− t; t > 0

L e−αt[ ] =
1

s+α

Then	  the	  real	  differenCal	  
theorem	  gives:	  

A	  simple	  example	  differenCal	  
equaCon	  with	  iniCal	  condiCons	  

SubsCtute	  into	  the	  differenCal	  
eqn.	  then	  include	  iniCal	  
condiCons.	  

Solve	  algebraically	  for	  X(s).	  

Transform	  back	  to	  get	  x(t).	  

Laplace	  transform	  

(AQer	  Ogata)	  



The	  transfer	  funcCon	  of	  a	  system	  

System	  

€ 

R(s),R(t),
etc.

€ 

C(s),C(t),
etc.

€ 

C s( ) =G s( )R s( )

• System	  is	  said	  to	  be	  linear	  if	  the	  principle	  of	  
superposiCon	  applies.	  	  

• Output	  for	  two	  inputs	  is	  not	  a	  superposiCon	  
of	  the	  individual	  	  outputs	  for	  two	  inputs.	  



Transfer	  funcCons	  

•  The	  transfer	  funcCon	  for	  a	  linear	  and	  *me	  invariant	  differenCal	  
equaCon	  system	  is	  defined	  as:	  



Transfer	  funcCons	  (cont)	  

•  Assume	  a	  linear	  Cme	  invariant	  
differenCal	  equaCon	  describes	  
the	  system.	  	  

•  Using	  the	  Laplace	  transform	  
concept	  we	  can	  represent	  the	  
differenCal	  equaCon	  
descripCon	  of	  the	  dynamics	  by	  
an	  algebraic	  descripCon	  in	  s.	  

•  If	  the	  highest	  power	  of	  s	  is	  n	  
we	  say	  the	  system	  is	  of	  nth-‐
order	  



ProperCes	  of	  the	  transfer	  funcCon	  

1.  G(s)	  is	  a	  mathemaCcal	  model	  of	  the	  system	  that	  relates	  the	  output	  
variable	  to	  the	  input	  variable	  

2.  G(s)	  is	  a	  property	  of	  the	  system	  and	  is	  not	  influenced	  by	  the	  driving	  or	  
output	  funcCon.	  

3.  G(s)	  does	  not	  say	  anything	  (directly!)	  about	  the	  physical	  structure	  of	  the	  
system	  

4.  If	  G(s)	  	  is	  known	  then	  the	  behavior	  for	  different	  kinds	  of	  driving	  funcCons	  
can	  be	  determined.	  

5.  G(s)	  may	  be	  established	  experimentally.	  Once	  known	  it	  provides	  a	  
complete	  descripCon	  of	  the	  dynamics	  of	  the	  system	  



BLOCK	  DIAGRAMS	  



Block	  diagram	  elements	  

Transfer	  funcCon	  
G(s)	   +	  

-‐	  

a	  

b	  

a-‐b	   a	   a	  

a	  

Block	  diagram	  element	  

• Does	  not	  load	  other	  
elements	  

• Signal	  flow	  denoted	  
by	  arrows	  

• Input	  and	  output	  
need	  not	  have	  same	  
dimensions	  and	  units	  

Summing	  point	  

• +/-‐	  signs	  denote	  
adiCon	  subtracCon	  

• QuanCtes	  added	  must	  
have	  same	  units	  and	  
same	  	  dimensions	  

Node	  point	  

• Branch	  point	  where	  
signal	  is	  sent	  ot	  other	  
blocks/summing	  points	  

• Quan\tes	  on	  arms	  of	  
node	  have	  same	  units	  
and	  	  	  dimensions	  



Closed	  loop	  block	  diagram	  

•  The	  open-‐loop	  transfer	  func*on:	  
describes	  raCo	  of	  B(s)	  to	  error	  
actuaCng	  signal	  E(s):	  

•  The	  feedforward	  transfer	  func*on	  is	  
the	  raCo	  of	  output	  C(s)	  to	  the	  error	  
actuaCng	  signal	  E(s):	  

•  The	  closed	  loop	  transfer	  func*on	  is	  
raCo	  of	  output	  to	  input	  signal:	  

G(s)	  +	  
-‐	  

R(s)	  
E(s)	  

C(s)	  

H(s)	  

B(s)	  



Closed-‐loop	  transfer	  funcCon	  

G(s)	  +	  
-‐	  

R(s)	  
E(s)	  

C(s)	  

H(s)	  

B(s)	  
C(s)	  R(s)	  



Closed-‐loops	  and	  disturbance	  

G1(s)	  +	  
-‐	  

R(s)	  
E(s)	  

C(s)	  

H(s)	  

B(s)	  

G2(s)	  +	  
+	  

N(s)	  

Transfer	  funcCon	  for	  signal	  

Transfer	  funcCon	  for	  disturbance	  



G1(s)	  +	  
-‐	  

R(s)	  
E(s)	  

H(s)	  

B(s)	  

G2(s)	  +	  
+	  

N(s)	  

Case	  1:	  large	  
open	  loop	  
gain	  

Case	  2:	  
InsensiCvity	  to	  
G1(s),	  G2(s)	  

Case	  3:	  Output	  
follows	  input	  

C(s)	  



Drawing	  a	  block	  diagram	  for	  a	  real	  system	  

i	  
R	  

C	  ei	   eo	  

1/R	  +	  
-‐	  

Ei(s)	  

Eo(s)	  

I(s)	  

1/Cs	  
Eo(s)	  I(s)	  



1/R	  +	  
-‐	  

Ei(s)	  

Eo(s)	  

I(s)	  
1/Cs	  

Eo(s)	  I(s)	  

1/R	  +	  
-‐	  

Ei(s)	  

Eo(s)	  

I(s)	  
1/Cs	  

Eo(s)	  



Rules	  for	  simplifying	  block	  diagrams	  

•  Blocks	  can	  be	  connected	  in	  series	  only	  if	  the	  output	  of	  a	  block	  
is	  not	  affected	  by	  connecCng	  a	  following	  block	  (no-‐loading)	  

•  The	  product	  of	  transfer	  funcCons	  in	  the	  feedforward	  direcCon	  
must	  be	  the	  same	  

•  The	  product	  of	  transfer	  funcCons	  around	  the	  loop	  must	  be	  the	  
same	  



System	  response	  

System	  

€ 

R(s),R(t),
etc.

€ 

C(s),C(t),
etc.

€ 

C s( ) =G s( )R s( )

The	  sCmulus	  r(t)	  can	  be:	  

€ 

r t( ) =

a : constant
l t( ) : step function

δ t( ) : impulse function
sin ωt,  cosωt : sinusoid
Combinations of above

⎧ 

⎨ 

⎪ 
⎪ ⎪ 

⎩ 

⎪ 
⎪ 
⎪ 

The	  Laplace	  transform	  gives	  us	  a	  general	  method	  for	  calculaCng	  the	  
response	  of	  a	  linear	  Cme	  independent	  single	  input	  –	  single	  output	  system	  to	  
a	  sCmulus	  funcCon.	  (SISO	  system)	  



MIMO	  systems	  and	  the	  space-‐state	  approach	  

•  MIMO	  =	  mulCple	  input,	  mulCple	  
output	  systems	  

–  Car	  engine	  

–  AircraQ	  autopilot	  

•  Can	  be	  linear	  or	  non-‐linear	  

•  For	  a	  dynamic	  system	  the	  state	  is	  
defined	  by	  the	  smallest	  set	  of	  
variables	  that	  if	  know	  at	  t	  =	  t0	  
define	  the	  state	  at	  t>t0	  

•  State	  variables	  are	  the	  set	  of	  
variables	  defining	  the	  state.	  

•  State	  vector	  is	  the	  vector	  with	  
components	  that	  are	  th	  state	  
variables.	  

•  A	  hyperspace	  with	  dimensions	  
corresponding	  the	  number	  of	  state	  
variables.	  Any	  state	  can	  be	  
reperesented	  by	  a	  point	  in	  this	  
state	  space.	  



State	  variable	  form	  of	  differenCal	  equaCons	  

•  Newton’s	  laws	  and	  free	  body	  systems	  generally	  can	  be	  described	  by	  
differenCal	  equaCons	  with	  d2x/dt2	  terms	  

•  DifferenCal	  equaCons	  can	  be	  expressed	  as	  sets	  of	  first	  order	  differenCal	  
equaCons.	  	  

•  Here	  the	  column	  vector	  x	  is	  the	  state	  of	  the	  system	  and	  u	  is	  the	  inputs	  the	  the	  
output,	  y	  is:	  

•  The	  vector	  funcCon	  f	  relates	  the	  state	  to	  its	  Cme	  derivaCve.	  	  

•  For	  a	  linear	  system	  we	  have:	  

•  F is	  a	  n×n	  system	  matrix,	  G	  is	  n×1	  input	  matrix,	  H	  a	  1×n	  row	  output	  	  matrix	  
and	  J	  is	  a	  scalar.	  

€ 

˙ x = f x,u( )

€ 

y = h x,u( )

€ 

˙ x = Fx + Gu; y = Hx + Ju



Space	  state	  representaCon	  forms	  

€ 

˙ x t( ) = F x,u,t( )
y t( ) = H x,u,t( )

€ 

˙ x t( ) = Fx t( ) + Gu t( )
y t( ) = Hx t( ) + Ju t( )

System	  

€ 

˙ x t( ) = F x,u( )
y t( ) = H x,u( )

General	  representaCon	  

Time	  invariant	  

Linear	  Cme	  invariant	  system	  



Automobile	  cruise	  control	  

m	  

€ 

b˙ x 

€ 

u

€ 

x

€ 

˙ ̇ x 

€ 

u − b˙ x = m˙ ̇ x 

€ 

˙ x 1 = x2; ˙ x 2 = −
b
m

x2 +
1
m

u

˙ x = Fx + Gu

˙ x 1
˙ x 2

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ =

0 1
0 −

b
m

⎡ 

⎣ 
⎢ 
⎢ 

⎤ 

⎦ 
⎥ 
⎥ 

x1

x2

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ +

0
1
m

⎡ 

⎣ 
⎢ 
⎢ 

⎤ 

⎦ 
⎥ 
⎥ 
u

• Define	  the	  posiCon	  and	  velocity	  of	  the	  car	  to	  be	  the	  state	  variables	  x1	  and	  x2	  

• If	  the	  output	  is	  the	  posiCon	  of	  the	  car	  y=	  x1=	  x	  

€ 

y =Hx + Ju; J = 0

y = 1 0[ ]
x1
x2

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ + 0⋅ u

AQer	  Franklin,	  Powel,	  Emanai-‐Naeini	  



Automobile	  cruise	  control	  

• If	  the	  output	  is	  the	  velocity	  of	  the	  car	  v=	  x2	  

€ 

y =Hx + Ju; J = 0

y = 0 1[ ]
x1
x2

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ + 0⋅ u

• Taking	  a	  mass	  of	  1000	  kg	  and	  a	  constant	  drag	  of	  500	  N	  

€ 

F =
0 1
0 −

b
m

⎡ 

⎣ 
⎢ 
⎢ 

⎤ 

⎦ 
⎥ 
⎥ 

=
0 1
0 −0.05
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ ; G =

1
1/m
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ =

1
0.001
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ ; H = 0 1[ ]; J = 0

F=[0,1;0,-‐0.05]	  
G=[0;0.001]	  
H=[0,1]	  
J	  =	  0.	  
step(F,500*G,H,J)	  

Matlab	  commands	  for	  500	  
N	  input	  step	  

AQer	  Franklin,	  Powel,	  Emanai-‐Naeini	  



Obtaining	  the	  transfer	  funcCon	  from	  state	  variables	  

€ 

˙ x = Fx + Gu; y = Hx + Ju
In	  Matlab	  a	  linear	  system	  may	  be	  defined	  in	  state	  space	  (ss)	  form	  in	  terms	  of	  F,G,H,J	  

Or	  polynomial	  raCo	  (o)	  

  

€ 

H(s) =
b0s

n + b1s
n−1 ++ bn−2s

2 + bn−1s+ bn
a0s

m + a1s
m−1 ++ am−2s

2 + am−1s+ am

€ 

H(s) = K
s − zi( )

i=1

m

∏

s − pi( )
i=1

n

∏

Or	  factored	  zero-‐pole	  form	  (zp)	  



Conversion	  in	  Matlab	  

>>	  [num,den]=ss2o(F,G,H,J)	  
num	  =	  
	  	  	  	  	  	  	  	  	  0	  	  	  	  0.0010	  	  	  	  	  	  	  	  	  0	  
den	  =	  
	  	  	  	  1.0000	  	  	  	  0.0500	  	  	  	  	  	  	  	  	  0	  

€ 

⇒ H s( ) =
0.001

s2 + 0.05s+ 0

State	  space	  to	  polynomial	  raCo	  

[z,p,k]	  =	  o2zp(num,den)	  
z	  =	  
	  	  	  	  	  0	  
p	  =	  
	  	  	  	  	  	  	  	  	  0	  
	  	  	  -‐0.0500	  
k	  =	  
	  	  	  	  0.0010	  

€ 

⇒ H s( ) = 0.001 1
(s+ 0.05)s

Polynomial	  raCo	  to	  factored	  z-‐p	  



TRANSIENT	  RESPONSE	  ANALYSIS	  



Transients	  

•  Transients	  in	  systems	  originate	  from	  
many	  kinds	  of	  real	  signals.	  
–  Driving	  a	  car	  over	  a	  step	  e.g.	  

kerbstone	  
–  Abrupt	  change	  of	  oven	  

temperature	  se\ng	  
–  “Typical”	  electric	  	  test	  signals	  

•  Transient	  response	  is	  in	  two	  parts	  
–  The	  transient	  per	  sec	  

•  TransiCon	  from	  iniCal	  to	  final	  state	  
•  Delay	  

–  The	  steady	  state	  response	  
•  Stable	  or	  unstable?	  
•  OscillaCons?	  
•  Steady-‐state	  error	  

td	  

Time,	  t	  

c(t)	  

r(t)	  

Δc(∞)	  

Response	  to	  a	  step	  transient	  



Ist	  order	  system	  (CR	  circuit,	  thermal	  system	  etc)	  

€ 

G(s) =
C s( )
R s( )

=
1

Ts+1

⇒ C s( ) =
1

Ts+1
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ R s( )

For	  a	  first	  order	  system	  

C(s)	  
1/Ts	  +	  

-‐	  

R(s)	  
E(s)	  

B(s)	  

The	  Laplace	  transform	  of	  a	  step	  funcCon	  l(t)	  is:	  

  

€ 

l t( ) =
0; t < 0
1; t ≥ 0
⎧ 
⎨ 
⎩ 

L l t( )[ ] =
1
s

  

€ 

⇒ C s( ) =
1

Ts+1
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
1
s
⎛ 

⎝ 
⎜ 
⎞ 

⎠ 
⎟ =

1
s+ 1 T( )
⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

c t( ) = L-1 1
s+ 1 T( )
⎡ 

⎣ 
⎢ 
⎢ 

⎤ 

⎦ 
⎥ 
⎥ 

=1− e− t /T

Then	  using	  algebra	  

Finally	  take	  the	  inverse	  transform	  to	  get	  the	  response	  	  
funcCon	  wrt	  Cme.	  



Step-‐response	  of	  first	  order	  system	  

0	  

0.2	  

0.4	  

0.6	  

0.8	  

1	  

1.2	  

0	   2	   4	   6	   8	   10	  

c(
t/
T)
	  

t/T	  

First	  order	  system	  



Step	  response	  in	  Matlab	  
•  Take	  our	  first	  order	  output	  response	  C(s)	  

>>	  num	  =[1]	  
num	  =	  
	  	  	  	  	  1	  
>>	  den=[1,	  0.2]	  
den	  =	  
	  	  	  	  1.0000	  	  	  	  0.2000	  

step(num,den)	  

€ 

C s( ) =
1

s+ 1 T( )
⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

•  The	  coefficients	  in	  the	  numerator	  is	  1	  and	  1	  
and	  1/T	  in	  the	  denominator.	  Take	  T	  =	  5	  

•  Plot	  the	  step	  response	  



Unit-‐impulse	  response	  

€ 

G(s) =
C s( )
R s( )

=
1

Ts −1

⇒ C s( ) =
1

Ts −1
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ R s( )

For	  a	  first	  order	  system	  

C(s)	  
1/Ts	  +	  

-‐	  

R(s)	  
E(s)	  

B(s)	  

The	  Laplace	  transform	  of	  a	  unit	  impulse	  
funcCon	  δ(t)	  is:	  

  

€ 

L δ t( )[ ] =1

  

€ 

⇒ C s( ) =
1

Ts −1
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 1( ) =

1
Ts −1
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

c t( ) = L-1 1
Ts −1
⎡ 

⎣ ⎢ 
⎤ 

⎦ ⎥ 
=
1
T
e− t /T

Then	  using	  algebra	  

Finally	  take	  inverse	  transform	  to	  get	  the	  response	  	  
funcCon	  wrt	  Cme.	  



Unit	  impulse	  response	  in	  Matlab	  

>>	  clear	  
>>	  num=[1]	  
num	  =	  
	  	  	  	  	  1	  
>>	  den=[1,1]	  
den	  =	  
	  	  	  	  	  1	  	  	  	  	  1	  
>>	  impulse(num,den);	  
>>	  	  

€ 

C s( ) =
1

Ts −1
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 



Unit-‐ramp	  response	  

The	  response	  to	  a	  
steadily	  rising	  signal	  
is	  an	  important	  class	  
of	  transient	  	  

  

€ 

r(t) = t

L r(t)[ ] =
1
s2

Then	  for	  our	  first	  
order	  system	  

€ 

C s( ) =
1

Ts −1
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ R s( ) =

1
Ts −1
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
1
s2
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

P.F.⇒ C s( ) =
1
s2
−
T
s

+
T 2

Ts −1

Then	  taking	  inverse	  
transforms	  

  

€ 

C s( ) =
1

Ts −1
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ R s( ) =

1
Ts −1
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
1
s2
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

c t( ) = L−1 1
s2
−
T
s

+
T 2

Ts −1
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

⇒ c t( ) = t −T +Te− t /T



Unit	  ramp	  response	  in	  Matlab	  

Matlab	  does	  not	  have	  a	  unit	  ramp	  response	  

However,	  we	  can	  play	  a	  trick	  and	  transform	  the	  funcCon	  so	  a	  step	  or	  impulse	  
plo\ng	  funcCon	  can	  be	  used.	  

  

€ 

C s( ) =
1

Ts −1
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ R s( ) =

1
Ts −1
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
1
s2
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

 C s( ) =
1

Ts2 − s
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
1
s
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

  

€ 

l t( ) =
0; t < 0
1; t ≥ 0
⎧ 
⎨ 
⎩ 

L l t( )[ ] =
1
s

Here:	  

>> num=[0 0 1]!
num =!
    0     0     1!
>> den=[2 1 0]!
den =!
     2     1     0!
>> step(num,den,10)!



Second	  order	  systems:	  servo	  system	  

AQer:	  K.	  Ogata	  Modern	  control	  engineering	  3rd.	  Ed	  (PrenCce	  
Hall,	  London,	  1997)	  



Servomotor	  controlled	  posiConers	  

DC	  brushless	  servo	  motors	  
with	  rotary	  opCcal	  encoder	  
posiCon	  sensing	  

Precision	  
	  leadscrew	  



DC	  servo-‐motor	  posiConers	  

G(s)	  +	  
-‐	  

DC	  servo	  
motor	  Gearbox	  

OpCcal	  
encoder	  

Lead	  screw	  

R(s)	  set	  
point	  

Slider	  



From:	  K.	  Ogata	  Modern	  control	  engineering	  3rd.	  Ed	  (PrenCce	  Hall,	  London,	  1997)	  

Speed	  of	  motor	  amature	  governed	  by	  armature	  voltage	  

Armature	  inductance	  	  
and	  resistance	  

Torque	  equilibrium	  condiCon	  

InerCa	  coeff	  
Viscous	  fricCon	  



From:	  K.	  Ogata	  Modern	  control	  engineering	  3rd.	  Ed	  (PrenCce	  Hall,	  London,	  1997)	  

Back	  emf	  increases	  
effecCve	  viscous	  
fricCon	  



Refered	  to	  output	  shaQ	  

Or	  simplified	  further	  to:	  

From:	  K.	  Ogata	  Modern	  control	  engineering	  3rd.	  Ed	  
(PrenCce	  Hall,	  London,	  1997)	  



THE	  END	  	  
(For	  today	  at	  least….)	  



DE	  soluCon	  by	  Laplace	  using	  Matlab-‐1	  

L	  R1	   C	  

i3	  

E(t)	  

i1	   R2	  

i2	  

R3	  

€ 

dI1
dt

+
R2
L
dQ
dt

=
R1 − R2
L

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ I1; I1 0( ) = I0

dQ
dt

=
1

R3 + R2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ E t( ) − Q t( )

C
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ +

R2
R3 + R2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ I1; Q 0( ) =Q0

syms R1 R2 R3 L C real!
dI1 = sym('diff(I1(t),t)'); dQ = sym('diff(Q(t),t)');!
I1 = sym('I1(t)'); Q = sym('Q(t)');!
syms t s!
E = sin(t);  % Voltage!
eq1 = dI1 + R2*dQ/L - (R2 - R1)*I1/L;!
eq2 = dQ - (E - Q/C)/(R2 + R3) - R2*I1/(R2 + R3);!

Use	  Kirchoff’s	  and	  
Ohm’s	  
Law	  to	  set	  up	  
differenCal	  equaCons	  

Take	  Laplace	  transforms:	  
L1 = laplace(eq1,t,s)!
L2 = laplace(eq2,t,s)!

Giving:	  

L1 = !
s*laplace(I1(t), t, s) - I1(0) !
+ ((R1 - R2)*laplace(I1(t), t, s))/L !
- (R2*(Q(0) - s*laplace(Q(t), t, s)))/L!

L2 =!
s*laplace(Q(t), t, s) - Q(0) !
- (R2*laplace(I1(t), t, s))/(R2 + R3) - (C/(s^2 
+ 1) !
- laplace(Q(t), t, s))/(C*(R2 + R3))!


